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a b s t r a c t
Huber (1956) [8] considered the following problem on the hyperbolic plane H. Consider a
strictly hyperbolic subgroup of automorphisms onHwith compact quotient, and choose a
conjugacy class in this group. Count the number of vertices inside an increasing ball, which
are images of a fixed point x ∈ H under automorphisms in the chosen conjugacy class, and
describe the asymptotic behaviour of this number as the size of the ball goes to infinity.We
use a well-known analogy between the hyperbolic plane and the regular tree to solve this
problem on the regular tree.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let X be a regular tree of degree q+ 1 ≥ 3 with vertex set V (X). Let T : X → X be a nontrivial hyperbolic automorphism
or translation on X , which is defined as an element in Aut(X) with no fixed vertices or edges (see for example [6, Chapter
1]). Denote by d(x, Tx) the combinatorial distance from a vertex x ∈ V (X) to its image vertex under T . Let Γ be a group of
translations in Aut(X) such that G = X/Γ is a finite, simple, (q + 1)-regular graph, and let K be the conjugacy class of a
nontrivial element T0 ∈ Γ . For t ∈ R, x ∈ V (X), we define
NK(x, t) = # {T ∈ K : d(x, Tx) ≤ t} . (1)
In this article we study the limiting behaviour of this counting function for increasing t . To do this we define a function
GK : V (X)× C→ C for fixedK as follows:
GK(x, z) =
−
T∈K
zd(x,Tx). (2)
Lemma 1. The function GK(x, z) as defined above (2) is absolutely convergent for |z| < q−1.
Proof. Note
∑
T∈K |zd(x,Tx)| <
∑
y∈V (X) |zd(x,y)|. We can rewrite the last sum in terms of spheres Sn(x) = {y ∈ V (X) :
d(x, y) = n} as∑∞n=0 |Sn(x)| |z|n. Observe that |Sn(x)| = (q+ 1)qn−1 for n ≥ 1 and use this to find
∞−
n=0
|Sn(x)| |z|n ≤
∞−
n=0
2qn|z|n = 2
∞−
n=0
|qz|n
which converges for |qz| < 1 by the geometric series formula. 
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In fact even more is true. In due course we will see that GK has a meromorphic extension to C, which is holomorphic for
|z| < q−1/2.
The axis a(T ) of a non-trivial translation T ∈ Γ on V (X) is the unique geodesic (a non-backtracking path on X which is
infinite in both directions) which is mapped to itself by T . The displacement length µ(T ) of T is given by
µ(T ) = min
x∈V (X)
d(x, Tx) ≥ 1. (3)
Note that µ(T ) ∈ N, and is even for bipartite G. It is easy to see that the minimum in Eq. (3) is attained exactly for those
vertices that lie in a(T ), as the vertices in a(T ) are shifted along the axis by µ(T ) vertices under the action of T . Let δ(x, T )
be the distance from a point x to the axis of a translation T , that is
δ(x, T ) = min
y∈a(T )
d(x, y).
We then observe
d(x, Tx) = µ(T )+ 2δ(x, T ). (4)
An element P ∈ Γ is called primitive if @ Q ∈ Γ and n > 1 such that P = Q n. For every T ∈ Γ , we can find a unique
P ∈ Γ so that we can write T = Pk for some k ≥ 1, and we call this the standard representation of T . Now write k = ν(T )
and call it the multiplicity of T . Clearly a(T ) = a(P), and µ(T ) = µ(P) · ν(T ). It is easy to prove that primitivity, µ(T ) and
ν(T ) are invariant under conjugation in Γ .
We can now state our main theorem.
Theorem 1. Let NK(x, n) be defined as in Eq. (1) for positive integers n. Then
NK(x, n) = q

n−µ(K)
2

µ(K)
ν(K)|G| + O

q

1−ε
2

n

with µ(K) and ν(K) as defined above, [x] denoting the Gauss bracket, and ε is some positive constant.
We are dealing with a type of problem that counts the number of lattice points on a graph inside an increasing ball. This
type of problem is often solved using a discrete version of Selberg’s trace formula on a regular tree (see [14] and for the dis-
crete version [1,2,15] or [16]). In this particular case however, we are not able to use the trace formula due to the following.
The trace formula is obtained using a Γ -invariant function G(x, y) (a so-called point-pair invariant) such that
G(γ x, y) = G(x, γ y) = G(x, y) ∀ γ ∈ Γ (5)
(see [14] or [15]). A natural choice would be GK(x, y, z) = ∑T∈K zd(x,Ty), but one easily checks that this function does not
satisfy Eq. (5) for arbitrary x, y ∈ V (G). Instead, in this article we follow the method of Huber [8] using the function defined
in Eq. (2) which satisfies GK(x, z) = GK(γ x, z) for all γ ∈ Γ . However, rather than needing a Tauberian theorem, as is
the case in Huber’s proof, we find a simpler method to complete the proof in our case. In addition, we obtain an error term,
which Huber did for his asymptotic formula in a later paper [11].
Someother lattice point problems on the hyperbolic plane are easier to prove on the regular tree. Take for example the full
lattice point problem,wherewe countNΓ (x, y, n) = #{γ ∈ Γ : d(x, γ y) ≤ n}. A consequence of the spherical average result
in [5] for spheres Sn(x0) of vertices at a distance of exactly n from x0, is the asymptotic #{γ ∈ Γ : γ y ∈ Sn(x0)} → |Sn(x0)||V (X/Γ )| .
Using this and the fact that a ball of radius n is the disjoint union of the spheres {Sr(x0), 0 ≤ r ≤ n}, we obtain
NΓ (x, y, n)→ |Bn(x0)||V (X/Γ )|
where we note that |Bn(x0)| is approximately equal to q+1q−1qn. For a proof of the corresponding problem on the hyperbolic
plane, see [13] or [3, p 261]. Here we have
NΓ (x, y, t)→ πarea(M) e
t
whereM is the manifold obtained by taking the quotient H/Γ .
Another lattice point problem is that of counting the number of primitive closed paths of length atmost n in a finite graph
X/Γ , which is a discrete analogue of counting primitive closed geodesics of length≤ n on a closed hyperbolic surface. The
result in the discrete case can be found in [7, p 249–250] and [12]. The continuous analogue can be found in [9,10].
2. Proof of the theorem
The discrete Laplacian is an operator which acts on functions on the vertices of any (q+ 1)-regular graph G as follows:
1f (x) = 1
q+ 1
−
d(x,y)=1
f (y). (6)
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Assume that the graph G = X/Γ has |V (G)| = N + 1 vertices. Then there is an orthonormal basis {ϕi}Ni=0 of eigenfunctions
of the Laplacian on the graph G. We use the fact that ∆ = 1q+1A where A is the adjacency matrix of G, to see that this basis
has N + 1 elements, and that we can order the eigenvalues such that 1 = λ0 > λ1 ≥ · · · ≥ λN ≥ −1 (note the eigenvalue
−1 occurs iff G is bipartite: see for example [4, Lemma 1.8]).
Using the canonical projection map π : X → G, we can lift {ϕi}Ni=0 to a set {ϕ˜i = ϕi ◦ π}Ni=0 of functions on X . It is easy to
show that each ϕ˜i is an eigenfunction of the Laplacian on X with the same eigenvalue λi. By definition the functions ϕ˜i are
Γ -invariant.
Recall we defined a function GK(x, z) on X which satisfies GK(x, z) = GK(γ x, z) for all γ ∈ Γ , so GK is Γ -invariant.
We can therefore view it as a complex valued function on the quotient V (X/Γ ) = V (G), where we call it gK(x, z). Write
gK(x, z) =∑Ni=0 Fi(z)ϕi(x). The Fourier coefficients Fi(z) are given by Fi(z) =∑x∈V (G) gK(x, z)ϕi(x). Now ‘lift’ gK(x, z) back
up to X and get
GK(x, z) =
N−
i=0
Fi(z)ϕ˜i(x), (7)
where
Fi(z) =
−
x∈F
GK(x, z)ϕ˜i(x) (8)
for a fundamental domain F ⊂ V (X) of Γ on X . Note that there is a canonical one-to-one correspondence between F and
V (G).
Choose and fix a translation T ∗ ∈ K with the standard representation T ∗ = Pν(K) for some primitive P . Let H = ⟨P⟩ be
the subgroup of Γ generated by P . We can write Γ as a disjoint union of right cosets of H , i.e.
Γ =
∞
n=1
HAn
with a fixed set {An}∞n=1 ⊂ Γ . Then the elements A−1n T ∗An = Tn are pairwise disjoint, and run through all of K as
n = 1, 2, . . . ,∞. Define
F∗ =
∞
n=1
An(F),
where An(F) = {Anx : x ∈ F}. One easily checks that F∗ is a fundamental domain of the cyclic group H .
Lemma 2. The Fourier coefficients Fi(z) are given by
Fi(z) = zµ(K)
−
x∈F∗
z2δ(x,P)ϕ˜i(x).
Proof. Let k = ν(K), and use Eq. (8) and the observations above to get
Fi(z) =
−
x∈F
GK(x, z)ϕ˜i(x) =
−
x∈F
∞−
n=1
zd(x,A
−1
n PkAnx)ϕ˜i(x)
=
∞−
n=1
−
x∈An(F)
zd(x,P
kx)ϕ˜i(x) =
−
x∈F∗
zd(x,P
kx)ϕ˜i(x)
= zkµ(P)
−
x∈F∗
z2δ(x,P)ϕ˜i(x), (9)
where the last equality is due to Eq. (4). Note kµ(P) = µ(K). 
Note that δ(x, P) = δ(Pnx, P) for any integer n, as the axes of P and Pn coincide, and ϕ˜i(x) = ϕ˜i(Pnx) as Pn ∈ Γ and ϕ˜i(x)
is Γ -invariant. This means the terms in the sum in Eq. (9) are invariant under H = ⟨P⟩. Hence we can replace F∗ in the sum
of (9) by any fundamental domain of H . Take a segment of a(P) of lengthµ(P) and all branches emanating from the vertices
in this segment, excluding the two branches that emanate from the vertices at the ends of the segment in the direction of
the axis. The vertices in this set form a new fundamental domain for H , which we call FP , and using the fact that we can
interchange fundamental domains of H shown above, we now sum over the vertices in FP instead of F∗ in Eq. (9).
The structure of the quotient graph X/H can easily be deduced from FP (see for example Fig. 1, where µ(P) = 3). We
nowwant to transfer the functions ϕ˜i from FP to functions on the vertices of X/H , and to do this we use the obvious one-to-
one correspondence between the vertex sets FP and V (X/H). Note that the edge relations are preserved, and call the new
function ϕi : V (X/H)→ R for i = 0, . . . ,N . It is easy to show these are eigenfunctions of the Laplacian on X/H . Using these
definitions and Eq. (9) we now have
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Fig. 1. The bold vertices in X belong to FP .
Fi(z) = zµ(K)
−
x∈V (X/H)
z2δ
′(x,P)ϕi(x),
where δ′(x, P) is the distance from the vertex x to the central loop in X/H , which is exactly equal to δ(x, P) on X (the central
loop in Fig. 1 is a triangle).
Define levels in X/H as follows:
Ln = Ln(X/H) = {x ∈ V (X/H) : δ′(x, P) = n} for n ≥ 0.
The radial average of a function f : V (X/H)→ Rwith respect to these levels is 1|Ln|
∑
x∈Ln f (x). A straightforward calculation
shows that the radial average of ϕi(x) gives an eigenfunction Φi(x) of the Laplacian on X/H with eigenvalue λi. Clearly
Φi(x) = Φi(y) whenever δ′(x, P) = δ′(y, P) = n, so we shall write Φi(n) from now on, where n ∈ Z≥0. These Φi(n)
are similar to the spherical functions with eigenvalue λi on the tree as defined for example in [15]. Use the facts that
V (X/H) =∞n=0 Ln and∑x∈Ln ϕi(x) = |Ln|Φi(n) in Eq. (9) to obtain
Fi(z) = zµ(K)
∞−
n=0
|Ln|z2nΦi(n). (10)
Lemma 3. There are constants α±i , u
±
i depending only on ϕi, λi and q such that
Fi(z) = zµ(K)µ(K)
ν(K)
q− 1
q

u+i + u−i
q− 1 +
u+i
1− α+i qz2
+ u
−
i
1− α−i qz2

,
except in the case that λi = ± 2
√
q
q+1 , where we obtain
Fi(z) = 1q z
µ(K)µ(K)
ν(K)
Φi(0)+ zµ(K)µ(K)
ν(K)
q− 1
q
Φi(0)
1∓√qz2
+ zµ(K)µ(K)
ν(K)
q− 1
q
Φi(0)
√
q− 1√
q+ 1
±1 ±√qz2
(1∓√qz2)2 . (11)
Proof. Assume first that λi ≠ ± 2
√
q
q+1 . Note that |L0| = µ(P) = µ(K)ν(K) , and |Ln| = qn−1(q − 1)µ(K)ν(K) for n ≥ 1. We use
1Φi(n) = λiΦi(n) to find the recursion relation
Φi(n+ 1) = q+ 1q λiΦi(n)−
1
q
Φi(n− 1) for n ≥ 1 (12)
and initial conditions (q+ 1)λiΦi(0) = (q− 1)Φi(1)+ 2Φi(0). Suppose Φi(n) = αni and use Eq. (12) to find two solutions
α+i and α
−
i given by
α±i =
q+ 1
2q
λi ±

(q+ 1)2λ2i − 4q
2q
. (13)
Note that α+i ≠ α−i as the square root is nonzero due to the exclusion of λi = ± 2
√
q
q+1 . Using the initial conditions, this leads
to the general solutionΦi(n) = u+i (α+i )n + u−i (α−i )n for constants u±i defined by
u±i =
1
2
± (q+ 1)
2λi − 4q
2(q− 1)

(q+ 1)2λ2i − 4q
 · Φi(0). (14)
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Using the geometric series formula twice in Eq. (10), taking care with the n = 0 term, we obtain
Fi(z) = 1q z
µ(K)µ(K)
ν(K)
Φi(0)+ zµ(K)µ(K)
ν(K)
q− 1
q
u+i
1− α+i qz2
+ zµ(K)µ(K)
ν(K)
q− 1
q
u−i
1− α−i qz2
. (15)
Observe that for the infinite sums to converge, we need |α±i qz2| < 1. For |λi| < 1 it is easy to check that |α±i | < 1. This
means we have convergence for |qz2| < qε for some ε > 0 (which means qε > 1), so |z| < q(ε−1)/2. However for the
eigenvalue λ0 = 1 we have α+0 = 1, and the infinite sum for F0(z) will only converge for |z| < q−1/2. For bipartite G we
have λN = −1 and ϕN(x) = (−1)d(x,x0)|G|−1/2 for some fixed x0 such that ϕN(x0) = |G|−1/2. Note that as µ(T ) is always
even in this case, we obtain ΦN(0) = u+N + u−N = 0, hence ΦN(1) = u+N α+N + u−N α−N = 0 and in fact ΦN(n) = 0 ∀ n ∈ N.
Thus FN(z) = 0 here for all z ∈ C.
The square root in Eq. (13) is zero iff we have λi = ± 2
√
q
q+1 , which implies α
+
i = α−i = αi = ± 1√q . In this case
Φi(n) =

1+ n
√
q−1√
q+1
±1
Φi(0)αni . Using the geometric series formula and the series
∑∞
i=1 ixi = x(1−x)2 , we obtain the
required expression from (10). For the convergence of the two infinite sums obtained here we require |√qz2| < 1 which
implies |z| < q−1/4, which is consistent with the general case above. 
Calculating α−0 and u
±
0 using ϕ0(x) = 1√|G| ∀ x ∈ V (G)we obtain
GK(x, z) = µ(K)z
µ(K)
ν(K)|G|q

1+ q− 1
1− qz2

+
N−
i=1
Fi(z)ϕi(x). (16)
This is a meromorphic extension of GK(x, z) defined in (2) to the complex plane, which is holomorphic for |z| < q−1/2, and
has simple poles at z = ±q−1/2. Removing these poles gives a function AK which is analytic for |z| < q(ε−1)/2 for some
ε > 0:
AK(x, z) = GK(x, z)− µ(K)z
µ(K)
ν(K)|G|q
q− 1
1− qz2 .
This means AK(x, z) has radius of convergence ρ ≥ q(ε−1)/2. Writing AK(x, z) = ∑∞n=0 anzn, we can apply
Cauchy–Hadamard to find
lim sup
n→∞
(|an|1/n) ≤ q(1−ε)/2.
This implies an = O(q(1−ε′)n/2) for any ε′ < ε.
Recall that we originally defined GK(x, z) =∑T∈K zd(x,Tx), hence we can also write GK(x, z) =∑∞n=0Nnzn, where
Nn = #{T ∈ K : d(x, Tx) = n}.
Note that due to Eq. (4), Nn = 0 unless n = µ(K) + 2m for some integer m ≥ 0. Now let BK(x, z) = GK(x, z) − AK(x, z)
and write BK(x, z) =∑∞n=0 bnzn, so thatNn = an + bn. Using the geometric series formula, we find
bµ(K)+2m = µ(K)
ν(K)
q− 1
|G|q q
m
and bn = 0 otherwise. To finish the proof of Theorem 1, we note
NK(x, t) =
t−
n=0
Nn =
t−
n=0
an + bn
=

t−µ(K)
2
−
m=0
µ(K)(q− 1)
ν(K)|G|q q
m + O

q
1−ε′
2 t

,
and use the geometric series formula again to obtain the result.
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